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Abstract 
Malouf, J.L., An integer sequence from a rational recursion, Discrete Mathematics 110 (1992) 
257-261. 
The sequence of numbers {ai} defined by the recurrence a, = (anm3an-, + af_2)la,-, for 
n > 3 with initial values a,, a,, a*, a3 = 1 is shown to be integral. Other initial values are also 
considered. 
1. An integer sequence 
The following problem was communicated to us by Ronald L. Graham. The 
sequence of numbers {ai} defined recursively in the abstract begins 1, 1, 1, 1, 2, 
3, 7, 23, 59, 314, 1529, 8209, 83313, 620297, 7869898, 126742987, 
1687054711, . . . , and grows on the order of exp(n2) [l]. 
It had been observed that more than a hundred values of the sequence were 
integers and a proof that the entire sequence is integral was sought. We show in 
Theorem 1 that the sequence is indeed integral and discuss some generalizations. 
Theorem 1. The sequence {aj} defined by the recurrence 
an-3an-1 + d-2 
a, = for n >3 
an-4 
(1) 
with initial values a, = al = a2 = a3 = 1 is integral. 
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Proof. To show the sequence consists only of integers, we assume that the 
sequence is integral up to and including eight consecutive members 
B(O), B(l), B(2), . . . 9 B(7). To show that B(8) and hence the rest of the 
sequence is integral, we need to show that 
B(5)B(7) + B(6)‘= 0 (mod B(4)). 
We first show in Lemma 1 that B(4) is relatively prime to B(l)B(2), and then 
complete the proof by showing in Lemma 2 that B(l)B(2)[B(5)B(7) + B(6)2] = 0 
(mod B(4)). 
Lemma 1. The numbers B(4) and B(l)B(2) are relatively prime. 
Proof. We first observe that as long as the sequence is integral, consecutive 
members are relatively prime. For if a prime p ) a, and p ( a,_,, then from the 
recurrence (l), we also have p 1 q-2. Then from p 1 gcd(a,_r, u”_~), we have 
p 14-3, . . . , p 1 a2 = 1. Now let p be a prime divisor of B(4). Then p cannot 
divide B(l), else B(l)B(5) = B(2)B(4) + B(3)2 implies p 1 B(3). Also, since 
B(O)B(4) = B(l)B(3) + B(2y, p cannot divide B(2), for otherwise we have 
P I B(lP(3). 0 
Lemma 2. The sum B(5)B(7) + B(6)2 = 0 (mod B(4)). 
Proof. We use the recursion formula (1) for B(n), with IZ = 4, 5, 6, 7 to get the 
identities 
B(O)B(4) = B(l)B(3) + B(2)2 (i) 
B(l)B(5) = B(2)B(4) + B(3)2 (ii) 
B(2)B(6) = B(3)B(5) + B(4)2 (iii) 
B(3)B(7) = B(4)B(6) + B(5)‘. (iv) 
So that, applying (ii), (iv), (iii), again (iii), and (i), 
B(5)B(7) + B(6)2 = B(l)B(2)B(5)B(7) + B(l)B(2)B(6)B(6) from Lemma 1 
= B(2)B(3)B(3)B(7) + B(l)B(2)B(6)B(6) by (ii) 
= B(2)B(3)B(5)B(5) + B(l)B(2)B(6)B(6) by (iv) 
= B(2)B(3)B(5)B(5) + B(l)B(3)B(5)B(6) by (iii) 
= B(2)B(2)B(5)B(6) + B(l)B(3)B(5)B(6) by (iii) 
= B(5)B(6)]B(l)B(3) + WWW)1 
= 0 (mod B(4)) by (i). 0 
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2. Rational sequences 
The initial values 1, 1, 1, 1 were used in the proof of Theorem 1 in two ways. 
The first was to provide the eight integral values to seve as the basis for the 
induction, and the second was to ensure that consecutive members of the 
sequence were relatively prime. Here we really used only the fact that 
gcd(a,, ~3, 4 = 1. 
As Ftiredi [l] has observed, we may extend the proof to address the more 
general question of which primes can appear in the denominators of the rational 
sequence defined by the recursion (1) when the values a,,, a,, a2, a3 are arbitrary 
rational numbers. (When negative numbers are allowed we adopt the convention 
that the sequence ends if we encounter a 0). 
For example, although the sequence beginning 1, 1, 2, 6 is not integral: 
1, 1, 2, 6, 10, 56, 218, 886, 9714, 51833, 643513, 
20175497 385829627 
2 ) 4 ) 
3160810005, 
1024115757193 51277065115963 6078925524543947 
16 ’ 32 ’ 64 ’ 
700363262058429907 107233233048093954363 
256 ’ 512 
> . . . , 
it appears that all denominators are powers of two. This is a consequence of the 
following theorem. 
Theorem 2. Let ao, al, a2, a3 E Q be the initial values of a sequence {ai} satisfying 
the recurrence relation (1). Then, writing 
a 
N(G) = ~ 
n D(G) 
where N(a,), D(a,) E Z; gcd(N(a,), D(a,)) = 1, 
for prime p we have 
Note that Theorem 1 is the case a,, = a, = a2 = a3 = 1. 
Proof. We note that (2) holds trivially for a,, aI, . . . , a, and proceed inductively 
by supposing that (2) holds for the sequence up to and including a,,,+,, m 2 0. 
We will show that 
D(G+,) 1 wWd, Wd N(Q)) . ,g WJ (3) 
Analogously to the proof of Lemma 1, we show Lemma 3 and Lemma 4 below. 
We then complete the proof with Lemma 5. 
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Lemma 3. If p is a prime not dividing IIy=$’ D(ai), and p divides both N(a,) and 
N(a,_J, then p 1 N(a,) for all i = n, n - 1, . . . , 3, 2. In particular, if 
P 1 wW(a,+d, Warn+4 )I, then P 1 gcW(ah N(ad, W4). 
Proof. From the recurrence equation (1) we have that for n 2 4, 
W,) = 
N(a,-,)N(a,-3)D(a,)D(a~-,)D(a,-,) + N(a~-,)D(a,)D(a,-,)D(a,-,)D(a,-,) 
N(a,--4)D(a,-,)D(a2,-,)D(a,-,) 
(4) 
From (4) it is clear that p 1 N(a,_J. Repetition of this argument yields 
P I Ma,-J 3. * *+P 1 N(43p 1 N(ad+p 1 NW. 0 
Lemma 4. Zf p is a prime divisor of D(a,+s) and p t IIE;‘D(a,), then 
P I sW(a,+dN(a,+d~ N(a,+J). 
Proof. Making the substitutions which we used to prove Lemma 2 above, but 
preserving equations rather than using congruences, we obtain the identity 
am+lam+2am+8 =a,a,+5a,+6+a,+la,+4a,+6+a,+2a,+2am+7 
+a,+2am+3am+6-am+2am+4am+5. 
So if p ) D(am+J, then 
m+7 
P I Nam+dN(am+J lgo WJ 
But from am+4am+8 = am+5am+7 + aL+6, if p I D(am+J then 
P I N(a,+,)D(a,+,)D(a,+,)D(a,+,). 
Together, then, if p t IIE:7 D(ai) we have 
p I &(N(a,+dN(a,+2), Nam+4)). 0 
Lemma 5. Zf p is a prime divisor of gcd(N(a,+,)N(a,+,), N(a,+4)) and 
p # IIS D(ai), then p I N(a,+3). 
Proof. Suppose p ) N(a,+I ). Then from Equation (4) with n = m + 5, we have 
P ) Warn+3 >. If p I N(amf2), then Equation (4) with n = m + 4 yields 
p I N(a,+JN(a,+3) and hence P I N(a,+& 0 
3. Other sequences 
For any sequence {ai} satisfying (l), the sequence starting kao, ka,, ka,, ka, is 
simply the sequence { ka,}. This suggests an alternate approach to Theorem 2 by 
multiplying each of the initial values a,, a,, a2, a3 by the gcd of the denominators 
of the sequence. It also, along with the observation [l] that the sequence starting 
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a,, qa,, q2a2, q3a3 is the sequence {qnun}, provides 
Theorem 3. For a given integer c a 1, the sequence {a,} defined by the recurrence 
cu,_,a,_l+ a;-* 
a, = for n>3 (5) 
an-4 
with initial values a, = a, = u2 = u3 = 1 is integral. 
We can also show the following common generalization of Theorem 3 and 
Theorem 2. 
Theorem 4. Let c E Q and let {aj} be the sequence defined by the recurrence (5) 
with initial values a,,, a,, uz, a3 E Q. Then, 
p 1 N4 + P 1 gcdW(4, N4, N(a,)>N(c)o(uo)o(al> - . . Wa7P(c) 
From which we obtain the following. 
Corollary 1. Let c E Q and let {ai} be the sequence defined by the recurrence (5) 
with initial values a”, a,, uz, a3 E Q!. Then, 
p 1 Wa,> 3 P 1 gcW(Q Was), N(a4))D(an)Wal) * . . Wa-I)Wc) 
x gcd(N(c), N(u,): 2 d i 6 n - 4, i = n (mod 2)). 
Similar results may be obtained with an additional parameter on the squared 
term of the recurrence Equation (5). 
The problem solved in Theorem 1 seems to have been derived from questions 
raised by Michael Somos. Somos was led to the investigation of many similar 
sequences from the study of identities arising from the arithmetic of elliptic 
curves. Another proof of Theorem 1 has been found by Enrico Bombieri and 
Andrew Granville using elliptic curves. Dean Hickerson [4] also found a 
geometric proof which he was able to modify to solve the related open problem of 
the integrality of the ‘Somos sequence’. A discussion of Hickerson’s proof and 
an account of some of the more recent work in this area may be found in [2]. 
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